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Hoops
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16 Hoops

An elastic hoop is pressed against a hard surface 
and then suddenly released. The hoop can jump 

high in the air.

Investigate how the height of the jump depends 
on the relevant parameters. 
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16 Hoops
An elastic hoop is pressed against a hard surface 
and then suddenly released. The hoop can jump 

high in the air.

Investigate how the height of the jump depends 
on the relevant parameters. 

6

stiff plastic & point force

Δ height of center of mass

material properties, geometry

𝑟

𝑤

ℎ
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Why Does It Jump?

8

F ⇒ deformation original shape 𝐸𝑑𝑒𝑓 → 𝐸𝑘𝑖𝑛 + 𝐸𝑣𝑖𝑏

𝐸𝑘𝑖𝑛 → 𝐸𝑝𝑜𝑡

𝛿
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Simple Predictions

9

small deformations – 𝐹 ∝ 𝛿

ℎ ∝ 𝐸𝐵𝐸𝑁𝐷𝐼𝑁𝐺 = ∫ 𝐹 d𝛿 ∝ 𝛿2 ∝ 𝐹2

ℎ ∝ 𝐹2

𝛿
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Simple Predictions

10

𝐸𝐵𝐸𝑁𝐷𝐼𝑁𝐺 =  

𝑃𝐸𝑅𝐼𝑀𝐸𝑇𝐸𝑅

𝐼𝑌

2𝑅𝐶𝑈𝑅
2 d𝑙

𝑅𝐶𝑈𝑅 ∝ 𝑟𝐻𝑂𝑂𝑃 𝐸𝐵𝐸𝑁𝐷𝐼𝑁𝐺 ∝
1

𝑟𝐻𝑂𝑂𝑃

ℎ ∝
𝐸𝐵𝐸𝑁𝐷𝐼𝑁𝐺

𝑚𝐻𝑂𝑂𝑃
∝

1

𝑟𝐻𝑂𝑂𝑃
2

𝛿
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Simple Predictions

11

ℎ ∝
1

𝑟𝐻𝑂𝑂𝑃
2 ℎ ∝ 𝐹2

𝛿



13

Existing Work of Yang and Kim

Eunjin Yang and Ho-Young Kim

American Journal of Physics, Vol. 80,

Issue 1 (January), p. 19 (2012)

12
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Summary of [Yang and Kim]

• theoretical prediction of 
the jump height

– constant ratio of 
translational/vibrational 
energy

13

• discrepancies explained by
air drag

– no other energy losses 
considered
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Place for Improvement

• theoretical prediction of 
the jump height

14

+ large deformations

+ damping in hoop

theory only for
small deformations

• discrepancies explained by
air drag
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Menu of Our Presentation

15

switch to a 
numerical approach

predict jump height,
including damping forces

determine importance of 
air drag/material losses

1

2

3
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Numerical approach

16

• discretization → small point masses, Euler method
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Elasticity

18

“spring”

• discretization → small point masses, Euler method

– elasticity: linear model 𝜎 = 𝑌𝜖
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Elasticity
• discretization → small point masses, Euler method

– elasticity: linear model 𝜎 = 𝑌𝜖

19
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Steel hoop (material constant)
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Bending stiffness
• discretization → small point masses, Euler method

– elasticity: linear model 𝜎 = 𝑌𝜖

– bending stiffness: Euler beam theory 𝜏 =
𝐼𝑌

𝑅𝑐𝑢𝑟

20



✓

(calculated using
triangulation)

𝑅𝑐𝑢𝑟𝑣𝑎𝑡𝑢𝑟𝑒



13

Bending stiffness
• discretization → small point masses, Euler method

– elasticity: linear model 𝜎 = 𝑌𝜖

– bending stiffness: Euler beam theory 𝜏 =
𝐼𝑌

𝑅𝑐𝑢𝑟

21



✓
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Steel hoop:

Rubber hoop (changing length of the strip):

Bending stiffness: measured values
• discretization → small point masses, Euler method

– elasticity: linear model 𝜎 = 𝑌𝜖

– bending stiffness: Euler beam theory 𝜏 =
𝐼𝑌

𝑅𝑐𝑢𝑟

22

✓

✓
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Air drag
• discretization → small point masses, Euler method

– elasticity: linear model 𝜎 = 𝑌𝜖

– bending stiffness: Euler beam theory 𝜏 =
𝐼𝑌

𝑅𝑐𝑢𝑟

– air drag: using velocity of the center of mass

23

✓

✓

airF

gF
taken from [Yang and Kim] 
(thickness/radius<0.04, Reynolds 
number 150-1500)

𝑣𝑐𝑒𝑛𝑡𝑒𝑟
𝑚𝑎 = −𝑚𝑔 −

1

2
𝐶𝑆𝜌𝑣𝑐𝑒𝑛𝑡𝑒𝑟

2

𝐶 = 2.32

✓
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Collision with hard surface
• discretization → small point masses, Euler method

– elasticity: linear model 𝜎 = 𝑌𝜖

– bending stiffness: Euler beam theory 𝜏 =
𝐼𝑌

𝑅𝑐𝑢𝑟

– air drag: using velocity of the center of mass

– collision with surface: perfectly inelastic collision

✓

✓

✓
✓

zero velocity after

24

original velocity
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Simulation: Governing Equations
• elasticity: linear model

𝐹𝑖 =  𝑑1𝑘 𝑑1 − 𝑙𝑒𝑞 +  𝑑2𝑘 𝑑2 − 𝑙𝑒𝑞

• bending stiffness: Euler beam theory

 𝑐 = 𝑑1 × 𝑑2 𝑐𝑢𝑟 = 2 tan
1

2
arcsin

 𝑐

𝑙𝑖
2

1

𝑙𝑖

25

𝑑1 = 𝑟𝑖+1 − 𝑟𝑖

𝑑2 = 𝑟𝑖−1 − 𝑟𝑖

𝑘 =
𝑆𝑌

𝑙𝑒𝑞

𝐹𝑖 = −𝐼𝑌
𝑐𝑢𝑟

𝑙𝑖

 
𝑑1 + 𝑑2

𝐹𝑖+1 = 𝐼𝑌
𝑐𝑢𝑟

𝑙𝑖

 
𝑑1

𝐹𝑖−1 = 𝐼𝑌
𝑐𝑢𝑟

𝑙𝑖

 
𝑑2
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Comparison (Steel hoop)

26
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Height in time
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PARAMETER DEPENDENCES

28
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Apparatus

Hoop

29
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30

Weight

Apparatus
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• material

– changes: elasticity, bending stiffness

– rubber, steel

• geometry, deformation

– height of jump vs. weight attached (rubber, steel)

– height of jumps vs. radius of the hoop (steel)

Experiments

31

r

F
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Steel hoop: jump height vs. mass applied

32
Hoop radius: 19 cm
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Hoop radius: 19 cm
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Steel hoop: jump height vs. hoop radius

34

Always compressed by 
1

3

of the original diameter

1/3 

2/3 

Hoop radius: 19 cm
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Always compressed by 
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Hoop radius: 19 cm
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Rubber Hoop

13
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Rubber Hoop: Jump Height vs. Mass Applied

Hoop radius: 4 cm
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applied weight [kg]

experiment

simulation, no material damping

38

Rubber Hoop: Jump Height vs. Mass Applied

Hoop radius: 4 cm
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Air Drag vs. Internal Damping
metal hoops

• air drag prevails

rubber hoops
• material dissipation of 

energy is significant

39
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experimentally measured

oscillation of cantilever beamDamping

41
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42

𝐷 = 3900 kg m−1 s−1
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Rubber Hoop: Jump Height vs. Mass Applied

Hoop radius: 4 cm
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Comparison (Rubber hoop)

44
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Height of Top in Time (Rubber hoop)
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of the jump depends on the 
relevant parameters.

Conclusion

• simple predictions

• numerical model:

– large deformations

– complex model of energy dissipation 
(damping, air drag, collisions with surface)

46

✓

crucial for some materials

ℎ ∝
1

𝑟𝐻𝑂𝑂𝑃
2 ℎ ∝ 𝐹2
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t

– proved by 
experiments
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of the jump depends on the 
relevant parameters.

Thank you for your attention!

• simple predictions

• numerical model:

– large deformations

– complex model of energy dissipation 
(damping, air drag, collisions with surface)

47
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crucial for some materials
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APPENDICES
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Comparison  Our model  Young-Kim

49

 Small deformations 
model only

 Model extended to
large deformations

 Complex model of 
dissipation energy 
(Damping, Air drag, 
Surface)

Crucial for some materials

 Dissipation of the energy
to the surface & Air drag

 Numerical Model used to 
explain observed
dependencies

 Theoretical calculation
Fixed ratio

Initial def. Energy/Initial
kinetic energy
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Force/top point displacement

50

0

0,5

1

1,5

2

2,5

3

3,5

0 0,05 0,1 0,15 0,2 0,25 0,3 0,35 0,4

Measurement

Linear fit

Displacement  [m]

Force [N]



13

Simple prediction result
Height [m]

51
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Jump height/hoop radius

Hoop radius [m]
52
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How to determine bending stiffness?

53

Changing weight
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→ fitting IY from shape

→ average IY + standard deviation
0

4

4


dx

dw
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Equilibrium implies:

0)0( w
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0'' )( Lw0' )0( w

Boundary condition:

Shape:
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Metal hoop
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Energy of bending
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Interval we are 
interested in

Young’s modulus of elasticity
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