Lagging Pendulum

Martin Gazo




SLOVAKIA
¥eT'16

Task

A pendulum consists of a strong thread and a
bob.

When the pivot of the pendulum starts moving

along a horizontal circumference, the bob starts
tracing a circle which can have a smaller radius,

under certain conditions.

Investigate the motion and stable trajectories
of the bob.
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What does it look like?

Stationary point

“Smaller circle”




Lagging pendulum

tionary point
lag = phase lag regarding

4 attachment point by almost «

“Smaller circle”
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Apparatus

Power source (adjustable w)
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Apparatus
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Analytical theory: circular trajectories

| W . . .
Assumption: bob moves only in vertical plane

Frame of reference: rotating with the arm

Angular acceleration: wo = +/9/L

. ) , (R .
d(a) = —w§sina + w Z+51na COS o

H_J %—J
Gravity Centrifugal

s
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Analytical theory: circular trajectories

What'’s the typical
dependence of & on a?

wo = +/g/L

i(a) = —ws sina + w? (Z+ sin a) cosa =0

R

Equilibrium condition
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Analytical theory: circular trajectories

wo = +/g/L
R

d(a) = —wj sina + w? (Z+ sina) cosa =0

Equilibrium condition




son
Analytical theory: circular trajectories

Equlibrium condition:

wz

R
—sina+—(—+sina)cosa= 0

2
W

wo =+/9g/L

Two free parameters: w/wy and R/L

Fo

Natural frequency

(bependsonl) | et’s plot solution in the

dependence of w/w,
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Equilibrium angles
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1t trajectory: “traditional”

Circles with a smaller radius” 5

rajectory: “lagging”

3" trajectory
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Spotted circular trajectories
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v" Observed v" Observed X Not observed
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Spotted circular trajectories

|
\

v" Observed v" Observed X Not observed

Possible flaw: equilibrium doesn’t necessary imply stability

Are the trajectories stable?

R : S
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Hold on...
We should also add 2" dimension

e WIil PIot total errective potential energy
_ 2"d: Lagging
a [arb. u.] a [rad]
. 1 2
\ a [rad] 2" trajectory: Traditional
" AN unstable

3 \/ j Traditional

2nd: Lagging \ energy [arb. u.]

Angular acceleration Potential energy
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3D Energy plot in corotating frame

0
Lagging position

31d position

Unstable Unstable

(2" dimension) aII dimensions)

......

Stable

falls down

View from side

e -
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Stability analysis does not correspond

with the experiment, where the lagging motion
(2"d position) is observed

We haven’t included Coriolis force!
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Stabilizing effect of Coriolis force

Coriolis acceleration:
A = 2w X v

/ \ Velocity of the bob

in rotating frame

Angular velocity  \/actor product Large

of the rotating dicul
frame = perpenaicular
to both w and v

' 4

Potential energy map
Coriolis force could act as a .

centripetal force qﬁ

(that has the same direction) n Small
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Stabilizing effect of Coriolis force

Photo credits:

By Lagrange_points.jpg: created
by NASAderivative work:
Xander89 -
Lagrange_points.jpg, CC BY 3.0,

https://commons.wikimedia.org/
w/index.php?curid=7547312

Astrophys Space Sci (2011) 331: $11-519
DOL 10,1007/ 10509.010-0364. |

ORIGINAL ARTICLE

Stability of equilibrium points in the generalized perturbed

We I I' kn Own p ro b I e m : restricted three-body problem
stability of L4, L5 Lagrange points T
also stabilized by the Coriolis force ... ...

nd stability of spite of the fact that the potential encrgy has
The

Abstract This paper studies the
b he

o e
s rotating (Wintmer 1941;

( Singh, Jagadish, and Jessica Mrumun Begha. "Stability of
equilibrium points in the generalized perturbed restricted
three-body problem.” Astrophysics and Space Science 331.2

(2011): 511-519. 0 < < e e o e < < b

problem, the effects of the gravitational
of the infinitesimal body and ¢ u)vcrp.n urbatic
Penturbations can well arise from the

non- q\imnu_\ -nhc bodies and the d
gal force. It is also soen that the triar
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How does Coriolis stabilize?

ion

Lagging posit
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How does Coriolis stabilize?

0
€ @
o 9 o

Lagging posit

ion

Fits experiment




Could Coriolis force stabilize 3" position?

3d position

-
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e e R
e e

Fits experiment




Overview: predictions and experiment

1t trajectory: “traditional”
Position:
Theoretical
predictions: Stable
Experiment:; v" Observed

2"d trajectory: “lagging”

Stable

v" Observed
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3'd trajectory

>

Unstable

v" Not observed

Qualitative predictions =) Quantitative predictions

v Done h
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Lagging angle: theory - experiment

20
18 Theory
6 Experiment

w [rad.s-1]
o

+

3 5 7 9 1 13 15 17

16-:|:-
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Task

A pendulum consists of a strong thread and a bob.

When the pivot of the pendulum starts moving along a
norizontal circumterence, the bob starts tracing a
circle which can have a smaller radius, under certain
conditions.

Investigate the motion and stable trajectories of the
bob.

v’ tracingraleircte vismalter radius

B



CONDITIONS OF LAGGING MOTION

1. Parameters of pendulum: R/L, w/w
2. Initial conditions
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Parameters: w/wqy by R/L

L 16 - Equilibrium angles

[rad] ,

We can calculate critical angular

9 velocity from theory

0,8 -

w = 4.2 w, potential energy

g E[arb.u.]

0,4 -

0

04 -

_0’8 -

1,2 -

_]_’6 .

Only 1
position

Lagging position
exists

]

Critical angular

velocity (w,) h
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Parameters: w/wq by R/L

16 - Equilibrium angles

a We can calculate critical angular
[rad] , velocity from theory
08 - : ;
! w =42 w, potential energy
04 - ) E[arb.u.]
Wo
0 i \_e
5 \_/
04 -
. : ,__ O[rad]
08 - i o : d d
2 4 4 2
1.2 - -
conditions:
-1,6 -
Onl_y_l La_ggmg position equilibrium ot lw,
position exists 0%E
Inflex point —| =
da? Wc

Critical angular

velocity (w,) Can be solved only numerically I
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Critical omega - theoretical prediction

| —

O L N w dh o OO~ 00 © O

we/wo NN

\

Vi

Critical omega tends to
. R
diverge when T 1

7

-
O W
S\
AN
O W
Z

R

Nt
n AR
A\

0 0,2 0,4 0,6 0,8 1 1,2
R/L
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Critical omega - theoretical prediction

we/wg

Critical omega tends to
. R
diverge when T 1

§\\\\\\\\§
J/ |

Always-unstable region

O L N w dh o OO~ 00 © O

-

rﬁ“s/{%le region




some &
Critical angular velocity: theory-experiment

)

n

8 Theory
3 Experiment (one position)
10 $ Experiment (two positions)
8

6

4
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Conditions for parameters

| R
_ R ."'_/_ =
. _ |
1. Ratio of lengths: | L
|

Where w, is a function

2. Angular velocity: w > Wy

R
of ~and wy, = (2
L L

Conditions: parameters necessary for

lagging motion /
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Initial conditions: time evolution

In the beginning ‘ Later, bob stabilizes
the motion is jerky to lagging motion
(trembling)

Stationary
point

Time-lapse video:
trembling - lagging

Lagging motion:
Long-exposure photograph

Motion is being stabilized by air drag
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Effect of air drag

Adrag m v
! CS
Bob parameters: C = u
m

mass = (1.29 + 0.02)g
diameter = (1.3 £ 0.1)cm

Effective drag coefficient Thread has also

Bob ~ 0,03m™1 a great affect on
Thread |~ 0,10 m~2 - L |(L ~ 0.5m — 1 m) damping

“Effective drag coefficient”
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Numerical simulati_o_n

Numerical simulation from first
principles

We are unable to solve l

system analytically

Constraint modelled using

Inertial frame of

reference used - -
Air drag of the thread

computed
(may have different direction than
that of the bob)

Lagrange multipliers

(Spherical coordinates omitted

due instabilities near poles)
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Numerical simulation

Runge-Kutta-Fehlberg algorithm (4" order method)

Computes Error estimate Adapts
both 4™ order stepsize if the

(difference between

and 5t order 4th and 5t order) error is too big

Despite these upgrades:
- Numerical instability (violation of constraint)

m) Thread exchanged with very hard spring

The lenght of thread stays constant in simulation & spring

does not influence character of motion =



Example output from simulation

Trembling Lagging motion
(initial motion) (relaxed motion)

B
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Alr drag: stabilization

O [raq]
0.2
0.175 - ~ 0.005
) 1s Dissipation
' : Time
@ frac Lagging —
mw+0.1
‘H Stabilization
YIA W ‘I”[l ||II‘I||’I }yl”ll‘ ll|||1|||l 'l|l1l'l| Illlllllj‘ 'lTlrl|lll ’||x'|'|l l.'.lrl.l ‘lll’llll I‘l[lllll’ ll'llillll [1||]1'|| l]l'lllll' .'11.'3,' l'lllll'lr 1'|‘1r||1 lnm - AQD ~ 0.03
r—0.1 ~15s Time

(Boundary is only qualitative and approximate)
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Simulation: equilibrated angles 6

1,2

1 Phase transition
0,8 (critical ang. velocity)
0,6

0,4
0,2
0
-0,2
-0,4
-0,6

Initial angle (in simulation) :/“—‘H_d
Changes in 6 created by drag are negligible H
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Initial conditions: angles

initial = 0
¢ [rad]

Inltlal condltlons




|
Initial conditions: angles

0 [rad]
0,35

Traditional motion

0,30 Lagging motion

—0,5 0 0,5

@ |rad] n
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Conclusion

1. Lagging motion at a -
potential maximum o o
— Stabilized by Coriolis force B

2. Conditions for lagging
motion

3. 3D equations of motion
— Phase diagrams predicted

@ |rad)
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Thank you for your
attention!

1. Lagging motion at a

potential maximum o o
— Stabilized by Coriolis force —
2. Conditions for lagging
motion
3. 3D equations of motion =

@ |rad)

— Phase diagrams predicted
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What is Coriolis force?

Bob moves away
from the center

=
Ar

Coriolis acceleration:
A = 2w X v

™ . S
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What is Coriolis force?

Bob moves away
from the center

Velocity change

Av = wAr
(in tangential direction)

Fictitious force acting
— sideways
Ar

Coriolis acceleration:
A = 2w X v

B
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Coriolis on parabolic potential

Circular trajectories around equilibrium

0°r=—=C*r+2w (1)

Centripetal  centrifugal + Gravity Coriolis

(2"d order Taylor expansion
of potential)

g ° ) - angular frequency of oscillation
— around equilibrium
w

15

Solution:
g 0=w+ Jw?-C?

0 \ No solution for steep

0 0,2 04 0,6 0,8 1 12 .
), potential
Slope: C*/w

1
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Simulation: Equations of motion

4
Lagrange approach

N Spherical coordinates 0, ¢

Numerically unstable near
south pole

Cartesian coordinates x,y, z _
Non-conservative forces
(not included in potential

mx = (0 — Zﬂ(x—RCOSCUt) ] energy; e.g. air drag)
my = 0 — 2A(y — Rsinwt)

mz=—gm— 2Az A= —% (gz — (x + wRsinwt)? — (y — wRcoswt)? — 2>

/ —w?R(coswt(x — Rcoswt) + sinwt(y — Rsinwt))
Lagrange multiplicator +Fy(x — R cos wt) + Fy,(y — Rsinwt) + Fy,z
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Fundamental equations

Definition of Lagrangian
l Kinetic and (total) potential energy

I
L=E,—E —

p
For Lagrangian applies: If there are other forces (not yet
13l oL L, Included) then:
dt 95 ds d 0L OJL >

— "=V F
/ I dt 95 0s :
Arbitrary coordinate /

d Sum of all (generalized) forces which have
& = _S not been included yet in potential energies

dt n
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Fundamental equations <

Definition of Lagrangian
l Kinetic and (total) potential energy

¢
L=Ek—Ep{W
!

Lagrange multiplier

Constraint equation:
_ 2 : 2.4 .2 72 _
¢(x,y,z) = (x — Rcoswt)” + ('y — Rsinwt)*+z5—1°=0

Determines area where there the thread could be
located (because of configuration in which it is)

B
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Fundamental equations

Kinetic energy Constraint equation
—m(x% + y* + 2%)|— mgz (x — Rcoswt)* + (y — Rsinwt)?* + z* — 1]

Lagrange multiplier

oL 1 continuing

— = c—>xy = () — — —
=3 m2x =0 — 2(x — Rcoswt)
Other two coordinates will be derived analogically
=0 4 2(y — Rsinwt) 4 4 2
=0 —-— — RSInNw Z=—g——L4LZ
Y m Y g m

™ . S



Fundamental e_quations

m¥ =0 — Ux — Rcoswt) ﬂ

my =0 —My Rsinwt) pr

= gy~ A

=

Lagrange multiplier
- needed to be evaluated
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Values of forces in
particular coordinates

External forces
- for example drag

d(x,v,z) = (x — Rcoswt)? + (y — Rsinwt)* + z% — |* =

v

@

making derivatives (x — Rcoswt)* + (y — Rsinwt) + z* = [°




_ . son
L et us derive A first .

2(x — Rcoswt) (x — Recoswt) + 2(y — Rsinwt) (y — Rsinwt) + 222 = 21i
(x — Rcoswt) (x — Rcoswt) + (v — Rsinwt) (y — Rsinwt) + z2 = I

(x — Rcoswt)(x + wRsinwt) + (y — Rsinwt) (y — wRcoswt) + zz =

making a derivative once more

(x + wRsinwt)? + (y — wRcoswt)? + 2% + (x — Rcoswt) (¥ + w?Rcoswt) +

+(y — Rsinwt) (¥ + w?Rsinwt) + zz = 1l + 11

modifying, marking part of the expression by , A"

¥(x — Rcoswt) + y(y — Rsinwt) + 2z = Il + |- (X + wRsinwt)? — (y — wRcoswt)? —

—2%2 — w?Rcoswt(x — Rcoswt) — w?Rsinwt(y — Rsinwt) |= 1l + 1l + A
TSNS




..now , A”
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¥(x — Rcoswt) + V(y — Rsinwt) + 2z = [l + 1l — (% + wRsinwt)? — (y — wRcoswt)? —

—2%2 — w?Rcoswt(x — Rcoswt) — w?Rsinwt(y — Rsinwt) = [+ 1l + A

Defining ,,A"

A = —(& + wRsinwt)? — (y -

Accelerations In

particular coordinates 21
T ¥(x — Rcoswt) = —— (x — Rcoswt)?

A
¥ =0——2(x — Rcoswt)
m

A
y =0 ——2(y — Rsinwt
y —2(y — Rsinwt)

} A
Z=-—g —EZZ

wRcoswt)? — 7% — w*R[coswt(x — Rcoswt) + sinwt(y — Rsinwt)]

m

) . 22 |
y(y — Rsinwt) = — — (y — Rsinwt)?

. 22
(Z+g)z=——z

2

m




SO
Contlnumg with A “

X¥(x — Rcoswt) = — E (x — Rcoswt)?

addition

. . 22 |
y(y — Rsinwt) = — — (v — Rsinwt)? -

22

. _ 2,
(Z+g)z —Z

v

- = : " 22 22 : 22
¥(x — Rcoswt) + ¥(y — Rsinwt) + (2 + g)z = — — (x — Rcoswt)? + — (y — Rsinwt)? + ;zz

21
¥(x — Rcoswt) + y(y — Rsinwt) + (Z+ g)z = ——||(x Rcoswt)? + (y Rsinwt)? + 22,]

12
X¥(x — Rcoswt) + y(y — Rsinwt) + (Z+ g)z = J@/
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Unstable motion

1,6
1,4
1,2

1

Highly-unstable
“zig-zag” motion

gg | Unstable in ¢ angle
0,4
0,2

0o w/wg

Viewﬁ outside



SO
Variation on textbook problem

Specialcase:R =0 =
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3D Energy plot .
b~ S =0

Energy m..!.ii & :

Unstable ‘ Unstable

(2" dimension)

Traditional position
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Stability analysis of found positions

Total potential energy in the reference frame of arm
[Arbitrary units]

L=03m
R =0,1m
w = 10rad.s™1

Color scale

-0.02




