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Problem	  13	  
A	   thin,	   downward	   flow	   of	   viscous	  
liquid,	   such	   as	   honey,	   oPen	   turns	  
itself	   into	   circular	   coils.	   Study	   and	  
explain	  this	  phenomenon.	  	  
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Video	  

Increasing	  height	  
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IntroducUon	  

TheoreUcal	  formulaUon	  
• Surface	  tension	  
• Plateau-‐Rayleigh	  instability	  

• Viscosity	  
• Newtonian	  fluids	  
• Fluid	  condiUons	  
•  IniUal	  condiUons	  
• Coiling	  condiUons	  
• Torsions	  and	  Tensions	  
• Regimes	  

Experiments	  
• Honey	  
• Glycerin	  
• Oils	  
• Toothpaste	  

Comparison	  between	  the	  theory	  and	  the	  experiments	  
• Graph	  comparison	  
• Regimes	  and	  condiUons	  

•  Surface	  tension	  
•  Plateau-‐Rayleigh	  instability	  

•  Viscosity	  
•  Newtonian	  fluids	  
•  Fluid	  condiUons	  

•  IniUal	  condiUons	  

•  Coiling	  condiUons	  
•  Torsions	  and	  Tensions	  
•  Regimes	  

	  

•  Honey	  
•  Cane	  molass	  

•  Oils	  
•  Shampoo	  

•  Graph	  comparison	   •  Regimes	  and	  condiUons	  
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Surface	  tension	  

•  The	  interior	  molecules	  have	  as	  many	  neighbors	  as	  they	  can.	  

•  For	  the	  liquid	  to	  minimize	  its	  energy	  state,	  the	  number	  of	  higher	  energy	  
boundary	  molecules	  must	  be	  minimized.	  	  

•  The	  minimized	  quanUty	  of	  boundary	  molecules:	  minimized	  surface	  area.	  

.	  .	  .	  .	  .	  .	  
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Plateau-‐Rayleigh	  instability	  

•  The	  surface	  tension	  causes	  some	  oscillaUons	  in	  the	  jet,	  
someUmes	  breaking	  it	  into	  droplets,	  to	  minimize	  surface	  area.	  
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InstabiliUes	  

•  Surface	  tension:	  

Video	   0	  ms	   67	  ms	   100	  ms	   133	  ms	   150	  ms	  

167	  ms	   183	  ms	   200	  ms	   267	  ms	  
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Viscosity	  

•  It’s	  the	  fluid	  property	  by	  which	  a	  fluid	  offers	  resistance	  to	  
shear	  stresses.	  

•  The	  physical	  origins	  are	  the	  intermolecular	  forces	  and	  transfer	  
of	  molecular	  momentum.	  

! = !! !"!"!

Velocity	  profile	  

F	  
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Newtonian	  and	  non-‐Newtonian	  fluids	  

•  A	  fluid	  can	  be	  considered	  Newtonian	  when	  the	  viscous	  stress	  
is	   proporUonal	   to	   the	   deformaUon	   rate	   with	   Ume,	   in	   every	  
point	  of	  the	  fluid.	  

•  A	   fluid	   is	   non-‐Newtonian	   has	   variable	   viscosity	  with	   applied	  
shear	  stress	  
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Shear	  thinning	  

•  Happens	  on	  non	  Newtonian	  
fluids	  

•  The	  viscosity	  decreases	  with	  
the	  increase	  of	  the	  shear	  
stress.	  

•  Causes	  phenomena	  like	  Kaye	  
effect	  

•  We	  can	  study	  it	  briefly	  with	  
shampoo,	  glycerin	  and	  many	  
others.	  
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Kaye	  effect	  

1	   2	  
	  

3	  
	  

4	  
	  

5	  
	  

6	   7	   8	   9	  

10	   11	   12	   13	   14	  

Video	  Video	  



Team	  of	  Brazil	  
Problem	  ##	  Title	  

Team	  of	  Brazil:	  Liara	  Guinsberg,	  Amanda	  Marciano,	  Denise	  Christovam,	  Gabriel	  Demetrius,	  Vtor	  Melo	  Rebelo 	  Taiwan,	  24th	  –	  31th	  July,	  2013	  
Reporter:	  Liara	  Guinsberg 	  12	  

Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

IniUal	  condiUons	  

•  First,	  we	  suppose	  the	  fluid	  stream	  is	  completely	  verUcal	  
before	  touching	  the	  solid	  surface:	  

That	  implies:	  
•  No	  coiling	  formaUon	  before	  the	  	  
fluid	  touches	  the	  surface	  
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Boundary	  condiUons	  

IniUal	  
angular	  

velocity	  =	  0	  

Tensions	  on	  
the	  coil	  

Torsion	  on	  
the	  coil	  

ω	  is	  known,	  
as	  well	  as	  
the	  coil	  

radius	  and	  
the	  falling	  
height	  
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1	  cm	  
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Torsions	  and	  tensions	  along	  the	  fluid	  rope	  

•  Why	  does	  the	  jet	  changes	  its	  format	  aPer	  its	  collision	  with	  a	  
rigid	  surface?	  
–  The	  jet	  has	  a	  velocity	  when	  touching	  the	  rigid	  surface	  
–  It	  has	  to	  slow	  down	  to	  zero,	  so	  there’s	  a	  force	  directed	  upwards,	  that	  

goes	  along	  the	  fluid	  stream	  and	  changes	  its	  form	  
–  There’s	  a	  torsion	  caused	  by	  this	  tension	  
–  Thus,	  for	  the	  smaller	  energy,	  we	  can	  have	  the	  coiling	  phenomena.	  
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Coiling	  condiUons	  FL44CH11-Ribe ARI 18 November 2011 12:26

Experiments

Coiling onset

Coiling cessation
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Figure 8
(a) Critical heights for the onset and cessation of steady coiling in the inertia-free limit. The solid line is the coiling cessation surface
separating regions in which numerical steady coiling solutions without surface tension exist (above) and do not exist (below). The
portions corresponding to the viscous (V) and gravitational (G) limits are indicated. The dashed line is the coiling onset surface in the
absence of surface tension predicted by linear stability analysis (Tchavdarov et al. 1993). The colored symbols show experimentally
measured critical heights (Cruickshank 1980) for silicone oil with γ /ρgd2 = 0.0063 (blue circles) and 0.014 (red squares). The inset
images show the shapes of the uppermost part of the rope for H/d = 4 and for the values of (νQ/gd4)1/4 indicated by the arrows.
(b) Numerically determined shape of the lower part of a liquid rope coiling in the inertial limit with the critical viscosity ν = νI , for
(νQ/gd4)1/4 = 1.0 and H = 40(ν2/g)1/3 (Habibi et al. 2010). The width of each grid square on the bottom surface is 2(Q2/g H )1/4.
Figure taken from Habibi et al. (2010).

Neglecting surface tension for simplicity, one finds that the coiling cessation surface has three
asymptotic limits corresponding to three distinct force balances: viscous, gravitational, and inertial.
In both the viscous and gravitational limits, inertia is negligible. Coiling ceases when H < F ($)d ,
where $ = (νQ/gd 4)1/4 and F ($) is shown in Figure 8a. In the viscous limit ($ ! 1), gravity is
negligible and the column diameter ≈d everywhere. Coiling ceases when

H < 3.49d ≡ HV . (18)

In the gravitational limit ($ ≤ 0.5), gravity strongly stretches the rope, so d is no longer a relevant
length scale. Coiling ceases when

H < 5.4(νQ/g)1/4 ≡ HG. (19)

When H exceeds the critical values HV or HG, one recovers the viscous or gravitational regimes,
respectively, of finite-amplitude coiling described in Section 4.

In the inertial limit, coiling ceases when

ν < 0.665(g H Q2)1/4 ≡ νI . (20)

The physical meaning of Equation 20 is that coiling can no longer occur when the radius R of
the coil decreases so much that it becomes comparable with the radius a1 of the rope itself. Let
us consider a coiling rope with H sufficiently large that inertia is important in both the coil and
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•  Minimal	  viscosity	  for	  the	  coil	  to	  happen	  
•  Maximum	  height,	  because	  of	  the	  Plateau-‐

Rayleigh	  instability	  
•  Surface	  tension	  relevance,	  for	  visible	  coils	  

and	  minimum	  height.	  
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Regimes	  

•  We	  can	  see	  a	  relaUon	  of	  the	  coiling	  frequency	  with	  the	  height	  
of	  fall	  

•  As	  we	  increase	  the	  height,	  some	  buckling	  instabiliUes	  appear,	  
and	  we	  define	  4	  regimes.	  
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TheoreUcal	  analysis	  

H	  
Ω	  

2R	  

ρ,	  ν,	  γ	  

H-‐	  Height	  
R-‐	  Coil	  radius	  
Ω-‐	  RotaUonal	  frequency	  
ρ-‐	  Density	  
ν-‐	  Viscosity	  
γ-‐	  Surface	  tension	  
a-‐	  Fillet	  radius	  at	  the	  contact	  point	  
d-‐	  InjecUon	  diameter	  
Q-‐	  Volumetric	  rate	  of	  fluid	  inserUon	  
	  

a	  

d	  

Q	  
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DefiniUons	  

a1	  

Used	  in	  
formulaUons	  

Defines	  geometrical	  
properUes	  in	  the	  
bending	  region	  
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TheoreUcal	  analysis	  

•  Viscous	  regime:	  
•  Smaller	  heights	  
•  GravitaUonal	  effect	  negligible	  
•  InerUal	  effect	  negligible	  

Ω!~ !
!!!!

!
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25	  %	  of	  normal	  velocity	   1.5	  %	  of	  normal	  velocity	  

2000	  fps	  camera	  60	  fps	  camera	  
Honey	   Silicone	  oil	  
2000	  cst	   5000	  cst	  
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TheoreUcal	  analysis	  

•  GravitaUonal	  regime:	  
•  GravitaUonal	  effects	  are	  the	  most	  relevant	  ones	  
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GravitaUonal	  regime	  movies	  

Honey,	  2000	  cst	  
60	  fps	  
Fall	  height:	  5	  cm	  
Flow	  rate:	  	  
25%	  of	  original	  velocity	  
	  

Silicone	  oil,	  5000	  cst	  
2000	  fps	  
Fall	  height:	  5	  cm	  
Flow	  rate:	  	  
1.5%	  of	  original	  velocity	  
	  



Team	  of	  Brazil	  
Problem	  ##	  Title	  

Team	  of	  Brazil:	  Liara	  Guinsberg,	  Amanda	  Marciano,	  Denise	  Christovam,	  Gabriel	  Demetrius,	  Vtor	  Melo	  Rebelo 	  Taiwan,	  24th	  –	  31th	  July,	  2013	  
Reporter:	  Liara	  Guinsberg 	  24	  

Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

TheoreUcal	  analysis	  

•  InerUal-‐GravitaUonal	  regime	  
•  Both	  gravitaUonal	  and	  inerUal	  

forces	  are	  considerable	  
•  There’re	  resonant	  frequencies	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

TheoreUcal	  analysis	  

•  InerUal	  regime:	  
•  InerUal	  effects	  are	  more	  important	  than	  the	  

gravitaUonal	  and	  viscous	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

InerUal	  regime	  movies	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

InstabiliUes	  

•  From	  the	  equaUons:	  

•  We	  see,	  from	  the	  subsUtuUon	  of	  R,	  we	  have:	  

•  There’s	  a	  moment	  when	  the	  radius	  R	  is	  smaller	  than	  the	  filet	  
radius	  a.	  The	  coil	  formaUon	  is	  ceased.	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

Materials	  used	  

•  Honey	  
•  Corn	  syrup	  
•  Silicone	  oils	  
•  Shampoo	  
•  Glycerin	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

Experimental	  setup	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

Experimental	  procedure	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

Material	  used	   Viscosity	  

Corn	  syrup	   1800	  cst	  

Honey	   2000	  cst	  

Silicone	  oil	   5000	  cst	  

Silicone	  oil	   500	  cst	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

Obtaining	  data	  	  

•  We	  used	  a	  high	  speed	  camera	  (2000	  fps)	  
•  Height	  of	  the	  fluid	  measured	  by	  using	  a	  fixed	  ruler	  and	  

Video	  Point®	  
•  ViscosiUes	  from	  the	  fabricant	  of	  each	  fluid	  

Data	  analysis	  

Viscous	  regime	  

GravitaUonal	  
regime	  

InerUal	  
gravitaUonal	  

regime	  

InerUal	  regime	  

InstabiliUes	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

Obtaining	  data	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

Viscous	  regime	  –	  Honey,	  2000	  cst	  

Data	  analysis	  

Viscous	  regime	  

GravitaUonal	  
regime	  

InerUal	  
gravitaUonal	  

regime	  

InerUal	  regime	  

InstabiliUes	  

Fall	  height	   Angular	  
frequency	  

TheoreGcal	  
predicGon	   RelaGve	  error	  

1.0	  cm	   25	  Hz	   27	  Hz	   7.4%	  

4.0	  cm	   45	  Hz	   39.0	  Hz	   15.3%	  

8.0	  cm	   140	  Hz	   148	  Hz	   5.1%	  

Viscous	  regime	   GravitaUonal	  regime	   InerUal	  regime	  
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Problem	  ##	  Title	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

Honey	  -‐	  Graph	  

2.6	  

26	  

0.5	   5	  

Ω(ν/g²)^(1/3)	  

H(g²/ν)^(1/3)	  

Data	  analysis	  

Viscous	  regime	  

GravitaUonal	  
regime	  

InerUal	  
gravitaUonal	  

regime	  

InerUal	  regime	  

InstabiliUes	  

InerUal	  

IG	  

GravitaUonal	  

Viscous	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

Viscous	  regime	  –	  Silicone	  oil,	  5000	  cst	  

Data	  analysis	  

Viscous	  regime	  

GravitaUonal	  
regime	  

InerUal	  
gravitaUonal	  

regime	  

InerUal	  regime	  

InstabiliUes	  

Fall	  height	   Angular	  
frequency	  

TheoreGcal	  
predicGon	   RelaGve	  error	  

0.5	  cm	   121.2	  Hz	   111.2	  Hz	   8.2%	  

3.2	  cm	   154.8	  Hz	   156.4	  Hz	   0.9%	  

13.6	  cm	   689.2	  Hz	   662.8	  Hz	   3.8%	  

Viscous	  regime	   GravitaUonal	  regime	   InerUal	  regime	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

Silicone	  oil	  graph	  –	  5000	  cst	  

Data	  analysis	  

Viscous	  regime	  

GravitaUonal	  
regime	  

InerUal	  
gravitaUonal	  

regime	  

InerUal	  regime	  

InstabiliUes	  
50	  

500	  

0.1	   1	  

Ω(ν/g²)^(1/3)	  

H(g²/ν)^(1/3)	  

Viscous	   GravitaUonal	  

IG	  

InerUal	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

Viscosity	  variaUon	  

•  For	  the	  viscosity	  variaUon,	  we	  used	  silicone	  oils	  with	  the	  
same	  surface	  tension,	  density	  and	  fall	  height.	  

Data	  analysis	  

Viscous	  regime	  

GravitaUonal	  
regime	  

InerUal	  
gravitaUonal	  

regime	  

InerUal	  regime	  

InstabiliUes	  

Viscosity	   Surface	  tension	   Density	  

500	  cst	   21.2	  dynes/cm	   0.970	  g/cm3	  

1000	  cst	   21.2	  dynes/cm	   0.970	  g/cm3	  

5000	  cst	   21.4	  dynes/cm	   0.975	  g/cm3	  

60000	  cst	   21.5	  dynes/cm	   0.976	  g/cm3	  

63775	  cP	   -‐-‐	   1.03	  g/cm3	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

ComparaUve	  videos	  

Data	  analysis	  

Viscous	  regime	  

GravitaUonal	  
regime	  

InerUal	  
gravitaUonal	  

regime	  

InerUal	  regime	  

InstabiliUes	  

500	  cst	   1000	  cst	   5000	  cst	   CoaUng	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

Comparing	  theoreUcal	  and	  experimental	  results	  

•  From	  our	  instability	  analysis:	  
•  Surface	  tension	  reduces	  the	  visibility	  of	  the	  phenomena	  

•  Experiment	  to	  see	  its	  effects:	  
•  Observe	  the	  smaller	  heights	  for	  the	  phenomena	  sUll	  be	  seen:	  

•  Honey	  (control)	  
•  Honey	  with	  salt	  (higher	  surface	  tension)	  
•  Honey	  with	  a	  bit	  of	  detergent	  (smaller	  surface	  tension)	  

Data	  analysis	  

Viscous	  regime	  

GravitaUonal	  
regime	  

InerUal	  
gravitaUonal	  

regime	  

InerUal	  regime	  

InstabiliUes	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

Comparing	  theoreUcal	  and	  experimental	  results	  

Data	  analysis	  

Viscous	  regime	  

GravitaUonal	  
regime	  

InerUal	  
gravitaUonal	  

regime	  

InerUal	  regime	  

InstabiliUes	  

1	  cm	  

Honey	  -‐	  detergent	  

0.6	  cm	  

Honey	  -‐	  control	  

1.0	  cm	  

Honey	  -‐	  salt	  

1.3	  cm	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

Experimental	  setup	  –	  Honey	  and	  water	  

Cup	  with	  water	  
Honey	  
Syringe	  
Tripod	  
PneumaUc	  piston	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

Fluid	  variaUon	  

•  We	  can	  use	  another	  
surrounding	  medium,	  such	  
as	  water.	  

•  We	  get	  some	  interesUng	  
phenomena:	  
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Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

Comparing	  theoreUcal	  and	  experimental	  results	  

•  Viscosity	  
•  It’s	  possible	  to	  noUce	  changes	  in	  the	  coil	  formaUon	  by	  

changing	  its	  viscosity	  

Data	  analysis	  

Viscous	  regime	  

GravitaUonal	  
regime	  

InerUal	  
gravitaUonal	  

regime	  

InerUal	  regime	  

InstabiliUes	  
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Conclusion	  

•  The	  phenomena	  can	  be	  divided	  in	  4	  phases,	  depending	  on	  the	  
fall	  height:	  
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Conclusion	  

•  The	  coiling	  can	  appear	  in	  many	  fluids,	  but	  the	  visualizaUon	  
depends	  on	  the	  surface	  tension	  and	  viscosity.	  

500	  cst	   5000	  cst	   Cane	  molass	   Honey	  
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Conclusion	  

•  We	  can	  analyze	  the	  problem	  in	  a	  quanUtaUve	  way,	  depending	  
on	  height,	  viscosity	  and	  flow	  rate.	  

Height	  
Angular	  
frequen

cy	  

Flow	  
rate	  

TheoreGca
l	  angular	  
frequency	  

Error	  

0.5	  
cm	  

30.3	  
Hz	  

0.49	  
cm3/
s	  

27.8	  
Hz	   8.2%	  

Height	  
Angular	  
frequen

cy	  

Flow	  
rate	  

TheoreGca
l	  angular	  
frequency	  

Error	  

3.20	  
cm	  

38.7
5	  Hz	  

0.49	  
cm3/
s	  

39.1	  
Hz	   0.9%	  

Height	  
Angular	  
frequen

cy	  

Flow	  
velocity	  

TheoreGca
l	  angular	  
frequency	  

Error	  

13.6	  
cm	  

172.
3	  Hz	  

0.49	  
cm3/
s	  

165.7	  
Hz	   3.8%	  

Fall	  height	   Angular	  
frequency	   Flow	  velocity	  

TheoreGcal	  
angular	  

frequency	  
Error	  

1.0	  cm	   25	  Hz	   25	  m/s	   27	  Hz	   7.4	  %	  

Fall	  
height	  

Flow	  
velocity	  

Angular	  
frequen

cy	  

δ	  
paramet

er	  

TheoreGcal	  
angular	  

frequency	  
Error	  

4	  cm	  	   30	  cm/
s	  

45	  
Hz	  

0.93	  
cm	  	   39	  Hz	   15.3	  

%	  

Angular	  
frequency	   Fall	  height	   a1	  	  

parameter	  

TheoreGcal	  
angular	  

frequency	  
Error	  

140	  Hz	   8.0	  cm	   0.2	   148	  Hz	   5.1	  %	  



Team	  of	  Brazil	  
Problem	  ##	  Title	  

Team	  of	  Brazil:	  Liara	  Guinsberg,	  Amanda	  Marciano,	  Denise	  Christovam,	  Gabriel	  Demetrius,	  Vtor	  Melo	  Rebelo 	  Taiwan,	  24th	  –	  31th	  July,	  2013	  
Reporter:	  Liara	  Guinsberg 	  50	  

Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

References	  

•  Mul'ple	  coexis'ng	  states	  of	  liquid	  rope	  coiling	  By	  N.	  M.	  RIBE1,	  H.	  E.	  HUPPERT2,	  M.	  
A.	  HALLWORTH2,	  M.	  HABIBI3,4	  AND	  DANIEL	  BONN	  

•  Coiling	  of	  viscous	  jets	  By	  Neil	  M.	  Ribe	  
•  Liquid	  Rope	  Coiling,	  by	  Neil	  M.	  Ribe,	  Mehdi	  Habibi	  and	  Daniel	  Bonn,	  Annu.	  Rev.	  

Fluid	  Mech.	  2012	  
•  Mahadevan	  L,	  Ryu	  WS,	  Samuel	  ADT.	  1998.	  Fluid	  ‘rope	  trick’	  invesUgated.	  Nature	  
•  The	  Bouncing	  Jet:	  A	  Newtonian	  Liquid	  Rebounding	  off	  a	  Free	  Surface,	  Mawhew	  

Thrasher,∗	  Sunghwan	  Jung,†	  Yee	  Kwong	  Pang,‡	  Chih-‐Piao	  Chuu,	  and	  Harry	  L.	  
•  The	  meandering	  instability	  of	  a	  viscous	  thread,	  Stephen	  W.	  Morris,	  Jonathan	  H.	  P.	  

Dawes,	  Neil	  M.	  Ribe,	  and	  John	  R.	  
•  Bending-‐Filament	  Model	  for	  the	  Buckling	  and	  Coiling	  Instability	  of	  Viscous	  Fluid	  

Rope,	  Shin-‐ichiro	  Nagahiro,	  Yoshinori	  Hayakawa	  	  
•  The	  folding	  moUon	  of	  an	  axisymmetric	  jet	  of	  wormlike-‐micelles	  soluUon,	  Mawhieu	  

Varagnat,	  Trushant	  Majmudar,	  Will	  Harw,	  Gareth	  H.	  McKinley	  



Team	  of	  Brazil	  
Problem	  ##	  Title	  

Team	  of	  Brazil:	  Liara	  Guinsberg,	  Amanda	  Marciano,	  Denise	  Christovam,	  Gabriel	  Demetrius,	  Vtor	  Melo	  Rebelo 	  Taiwan,	  24th	  –	  31th	  July,	  2013	  
Reporter:	  Liara	  Guinsberg 	  51	  

Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

Thank	  you!	  
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Appendix	  summary	  

TheoreUcal	  deducUon	  
•  FormulaUons	  
• ConsideraUons	  
• Boundary	  condiUons	  

Experiment	  variaUon	  
• Water	  and	  honey	  
• Honey	  sewing	  machine	  

Data	  ge|ng	  
• Graphs	  and	  tables	  
• How	  to	  get	  frequency	  
• Unity	  of	  graphs	  and	  physical	  meaning	  
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Appendix	  

•  We	  have,	  in	  the	  problem,	  the	  parameters:	  
•  We	  define	  the	  Cartesian	  coordinates	  x(s,	  t),	  radius	  a(s,	  t),	  where	  s	  is	  the	  

measurement	  of	  the	  arc	  along	  the	  axis.	  
•  In	  this	  way,	  we	  have:	  

•  Where	  the	  prime	  denotes	  a	  parUal	  derivaUve	  in	  relaUon	  to	  s,	  and	  we’ll	  
use	  this	  notaUon	  from	  now	  on.	  

•  The	  inverters	  were	  defined	  in	  each	  point	  along	  the	  axis	  that	  follow	  the	  
secUon	  plane	  of	  the	  filet	  of	  the	  fluid.	  
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Appendix	  

•  Other	   than	   that,	   it’s	   necessary	   to	   define	   the	   inverters,	  
following	  the	  fluid’s	  rotaUon.	  

Modified	   image	   from	   Ribe	   (2004)	  
and	   obtained	   from	   Liquid	   Rope	  
Coiling,	   Neil	   M.	   Ribe,1	   Mehdi	  
Habibi,2	   and	   Daniel	   Bonn3,	   Annu.	  
Rev.	  Fluid	  Mech.	  2012	  
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•  We	   can	   introduce	   a	   velocity	   vector	   of	   the	   fluid	   in	   the	   axis:	  
V≡Vi	  di	  

•  Thus,	  follows	  the	  relaUon	  of	  V	  and	  x:	  

•  We	   need	   then	   to	   relate	   the	   deformaUon	   rate	   	   by	  
compression,	  flexion	  and	  rotaUon.	  The	  stretching	  rate	  is:	  
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•  The	  mass	  consevaUon	  gives	  us,	  being	  A	  =	  π	  a²:	  

•  We	  can	  define	  the	  rotaUon	  rate	  around	  the	  direcUons	  d1	  and	  
d2:	  



Team	  of	  Brazil	  
Problem	  ##	  Title	  

Team	  of	  Brazil:	  Liara	  Guinsberg,	  Amanda	  Marciano,	  Denise	  Christovam,	  Gabriel	  Demetrius,	  Vtor	  Melo	  Rebelo 	  Taiwan,	  24th	  –	  31th	  July,	  2013	  
Reporter:	  Liara	  Guinsberg 	  57	  

Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

Appendix	  

•  We	  can	  define	  the	  forces	  N	  and	  the	  momentum	  vector	  of	  the	  
flexion	  and	  rotaUon	  of	  the	  fluid,	  M:	  

•  Where	  σ	  is	  the	  stress	  tensor	  and	  the	  integraUon	  is	  made	  
though	  a	  secUon.	  
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•  Linear	  momentum	  consevaUon:	  

•  Angular	  momentum	  conservaUon:	  
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MathemaUcal	  analysis	  

•  Imposing	   the	  Newtonian	   fluid	   condiUon,	  we	   need	   a	   relaUng	  
condiUon	  for	  the	  dynamic	  variables	  with	  the	  kinecUc,	  and	  this	  
analysis	  gives	  us:	  (Ribe	  et	  al.2006)	  
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Where	  η	  is	  the	  dynamic	  viscosity,	  ω	  
is	  defined	  as	  ω=ω’d	  and	  I=(πa^4)/4	  
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•  AcceleraUon	  term	  in	  the	  global	  balance	  of	  forces:	  

•  First	  term:	  referenUal	  rotaUng	  with	  the	  fluid	  
•  Second	  term:	  Coriolis	  
•  Third	  term:	  centrifugal	  acceleraUon	  
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Boundary	  condiUons	  

•  Boundary	  condiUon:	  
•  We	  impose	  the	  iniUal	  condiUons	  of	  the	  problem	  
•  At	  first,	  the	  fluid	  doesn’t	  rotate	  and	  it’s	  verUcal	  
•  We	  consider	  that	  the	  fluid	  rotates	  in	  the	  base	  with	  defined	  angular	  

velocity	  Ω.	  
•  Imposing	  we	  know	  the	  fluid’s	  movement	  in	  its	  base	  (known	  anguar	  

velocity,	  coil	  radius,	  the	  derivaUves,	  the	  filet	  orientaUon	  and	  its	  
derivaUves)	  
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Appendix	  

•  From	  our	  previous	  expressions,	  we	  can	  do	  a	  equaUon	  system	  
and	  we	  can	  relate	  the	  wanted	  parameters.	  

•  For	  such	  procedure,	  we	  need	  a	  numerical	  analysis.	  
•  The	   radius	   and	   frequency	   approximaUons	   come	   from	   this	  

system	  of	  equaUons.	  
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•  From	   the	   presented	   formulas,	   we	   can	   obtain,	   from	   a	  
numerical	   soluUon	   of	   the	   equaUon	   system,	   a	   graph	   of	  
frequency	  x	  height,	  already	  presented.	  
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B-‐	  Capillary	  instabiliUes	  
S-‐	  StagnaUon	  
C-‐	  Coil	  formaUon	  
F-‐	  Flexion	  rotaUon	  
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•  We	  can	  define	  the	  forces	  of	  each	  phenomena:	  
•  Viscous:	  

•  GravitaUonal:	  	  

•  InerUal:	  	  
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•  Viscous	  regime:	  

•  GravitaUonal	  regime:	  

•  InerUal	  regime:	  
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•  Viscous	  regime:	  
•  Viscous	  force:	  

•  F≈10¹	  dyne	  
•  GravitaUonal	  force:	  

•  F≈10⁻³	  dyne	  
•  InerUal	  force:	  

•  F≈10⁻³	  dyne	  
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•  GravitaUonal	  regime:	  
•  Viscous	  force:	  

•  F≈10⁻²	  dyne	  
•  GravitaUonal	  force:	  

•  F≈10⁻²	  dyne	  
•  InerUal	  force:	  

•  F≈	  10	  ⁻⁴	  dyne	  
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•  InerUal	  regime:	  
•  Viscous	  force:	  

•  F≈10⁻¹	  dyne	  
•  GravitaUonal	  force:	  

•  F≈10⁻⁷	  dyne	  
•  InerUal	  force:	  

•  F≈10⁻¹	  dyne	  
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•  1	  dy	  =	  10-‐5N	  
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Sewing	  machine	  

•  A	  thin	  thread	  of	  viscous	  fluid	  falling	  onto	  a	  moving	  
belt	  generates	  a	  surprising	  variety	  of	  pawerns	  
depending	  on	  the	  belt	  speed,	  fall	  height,	  flow	  rate,	  
and	  fluid	  properUes	  
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in agreement with Equation 18. We note that the viscous buckling criterion (Equation 23), unlike
the elastic criterion (Equation 22), is a purely geometrical one that depends on neither the material
modulus (viscosity) nor the magnitude of the axial compressive stress. The reason is that both the
bending moment M2 and the force N3 in a viscous column are proportional to the viscosity and
to the applied stress. Both quantities therefore cancel out when the two terms in Equation 21 are
balanced. In an elastic column, by contrast, M2 does not depend on the applied stress while N3 is
independent of the material modulus, so both quantities appear in the torque balance (Equation
21). Yet despite its different onset criterion, finite-amplitude coiling of elastic ropes exhibits
regimes that are analogous to those of viscous coiling, involving different balances of the elastic,
gravitational, and inertial forces acting on the rope (Habibi et al. 2007).

6. NOVEL PHENOMENA AND NEW DIRECTIONS
In addition to steady coiling, liquid ropes falling onto surfaces can also exhibit a surprising range of
time-dependent behavior. The phenomena we now describe have been discovered mostly within
the past few years and are still imperfectly understood.

Figure 9a illustrates the generation of propagating spiral waves of air bubbles by liquid rope
coiling (Habibi et al. 2008). Within limited ranges of values of ν, Q, and H near the boundary
between the gravitational and inertio-gravitational regimes (Section 4), coiling is observed to be
inherently unsteady such that the coiling center executes a slow retrograde precession whose
frequency and radius are roughly 25% of those for the coiling itself. Consequently, each new
coil of the liquid rope that is laid down is slightly displaced from the previous one, facilitating
the trapping of small air bubbles between them. Moreover, because the precession and coiling

ba

1 cm

1 mm

c d

1 cm

1 cm

1 cm

e

f

g

h

Figure 9
Nonstationary behaviors of falling liquid ropes. (a) Spiral waves of air bubbles generated by coiling with d =
1.6 mm, ν = 3 × 104 cSt, Q = 0.137 ml s−1, and H = 3.9 cm. (b) Supercoiling of a liquid rope with
ν = 2,200 cSt, Q = 0.315 ml s−1, and H = 28 cm. (c) Structure produced by steady coiling of a yield-stress
fluid (shaving cream). (d ) Kaye effect for a falling rope of commercial shampoo. Photograph courtesy of T.
Majmudar. (e–h) Selected patterns formed by the fluid-mechanical sewing machine with the belt moving to
the left. Panels e–h taken from Chiu-Webster & Lister (2006), reproduced with permission from Cambridge
University Press.
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Experimental	  setup	  –	  Honey	  and	  water	  

Cup	  with	  water	  
Honey	  
Syringe	  
Tripod	  
PneumaUc	  piston	  
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Fluid	  variaUon	  

•  We	  can	  use	  another	  
surrounding	  medium,	  such	  
as	  water.	  

•  We	  get	  some	  interesUng	  
phenomena:	  
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MoUon	  seen	  from	  above	  
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InstabiliUes	  

•  Surface	  tension:	  
•  Rayleigh-‐Plateau	  instabiliUes	  
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InstabiliUes	  study	  

•  In	  the	  inerUal-‐gravitaUonal	  regime,	  we	  have	  resonant	  forces,	  
causing	  the	  phenomena	  to	  be	  Ume-‐dependent.	  

•  We	  studied	  this	  resonance:	  
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Figure 4
Comparison of experimental measurements (red circles) and numerical predictions (blue lines) of the angular
frequency ! of steady coiling as a function of the fall height H. The working fluid in the experiments is
silicone oil with ρ = 0.97 g cm−3 and γ = 21.5 dyne cm−1. (a) d = 0.068 cm, Q = 0.0038 ml s−1, and
ν = 105 cSt. (b) d = 0.5 cm, Q = 0.094 ml s−1, and ν = 3 × 104 cSt. The inset in panel b shows the coiling
frequency as a function of time at H = 7 cm. (c) Same as in panel a, but with Q = 0.00215 ml s−1. Steady
coiling solutions along the dashed portions of the blue curve are unstable to small perturbations. Panels a
and b taken from Maleki et al. (2004), and panel c taken from Ribe et al. (2006b).

constant) value in the coil is a1. Finally, we note that U 1 ≡ Q/πa2
1 is the axial velocity of the fluid

at the contact point if the rope is in a steady-state configuration. Conservation of the mass flux
through the moving contact point then requires U 1 = R!.

Figure 4 shows experimental measurements of the coiling frequency ! as a function of the fall
height H for three different sets of values of d, ν, and Q (Maleki et al. 2004, Ribe et al. 2006b).
The observed behavior is remarkably diverse. When H is small, ! decreases as a function of H
(H < 1 cm in Figure 4a). If, however, H is a few tens of centimeters, ! increases rapidly with H
(Figure 4b). For intermediate values of H, the curve !(H) has a gap for which a range of values of
! is missing (! = 15–30 s−1 in Figure 4b). Closer examination shows that the gap corresponds to
an oscillation between two coexisting coiling states with different frequencies (Figure 4b, inset).
The number of gaps is larger for larger values of ν and smaller values of Q. Figure 4c shows a case
with three gaps, and up to four have been observed (Habibi et al. 2006).
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GravitaUonal	  regime	  -‐	  Honey,	  2000	  cst	  

Data	  analysis	  

Viscous	  regime	  

GravitaUonal	  
regime	  

InerUal	  
gravitaUonal	  

regime	  

InerUal	  regime	  

InstabiliUes	  

Fall	  height	   Flow	  velocity	   Angular	  
frequency	  

δ	  
parameter	  

TheoreGcal	  
angular	  

frequency	  
Error	  

4	  cm	  	   30	  cm/s	   45	  Hz	   0.93	  
cm	  	   39	  Hz	   15.3	  %	  

Increasing	  tendency	  
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InerUal	  gravitaUonal	  regime	  -‐	  Honey,	  2000	  cst	  

Data	  analysis	  

Viscous	  regime	  

GravitaUonal	  
regime	  

InerUal	  
gravitaUonal	  

regime	  

InerUal	  regime	  

InstabiliUes	   20	  
5.5	  

Ω(ν/g²)^(1/3)	  

H(g²/ν)^(1/3)	  

InstabiliUes	  region	  
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Data	  analysis	  

Viscous	  regime	  

GravitaUonal	  
regime	  

InerUal	  
gravitaUonal	  

regime	  

InerUal	  regime	  

InstabiliUes	  

Angular	  
frequency	  

Fall	  
height	  

a1	  	  
parameter	  

TheoreGcal	  
angular	  

frequency	  
Error	  

140	  Hz	   8.0	  cm	   0.2	   148	  Hz	   5.1	  %	  

InerUal	  regime	  -‐	  Honey,	  2000	  cst	  

10	  

100	  

5	  

Ω(ν/g²)^(1/3)	  

H(g²/ν)^(1/3)	  

Increasing	  tendency	  



Team	  of	  Brazil	  
Problem	  ##	  Title	  

Team	  of	  Brazil:	  Liara	  Guinsberg,	  Amanda	  Marciano,	  Denise	  Christovam,	  Gabriel	  Demetrius,	  Vtor	  Melo	  Rebelo 	  Taiwan,	  24th	  –	  31th	  July,	  2013	  
Reporter:	  Liara	  Guinsberg 	  81	  

Team	  of	  Brazil	  
Problem	  13:	  Honey	  coils	  

GravitaUonal	  regime	  –	  Silicone	  oil,	  5000	  cst	  

Data	  analysis	  

Viscous	  regime	  

GravitaUonal	  
regime	  

InerUal	  
gravitaUonal	  

regime	  

InerUal	  regime	  

InstabiliUes	  

Height	   Angular	  
frequency	   Flow	  rate	  

TheoreGcal	  
angular	  

frequency	  
Error	  

3.20	  cm	   38.75	  
Hz	  

0.49	  
cm3/s	   39.1	  Hz	  

50	  
0.15	  

Ω(ν/
g²)^(1/3)	  

H(g²/ν)^(1/3)	  
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InerUal-‐gravitaUonal	  regime	  –	  Silicone	  oil,	  5000	  cst	  	  

Data	  analysis	  

Viscous	  regime	  

GravitaUonal	  
regime	  

InerUal	  
gravitaUonal	  

regime	  

InerUal	  regime	  

InstabiliUes	   100	  
0.3	  

Ω(ν/g²)^(1/3)	  

H(g²/ν)^(1/3)	  
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InerUal	  regime	  –	  Silicone	  oil,	  5000	  cst	  

Data	  analysis	  

Viscous	  regime	  

GravitaUonal	  
regime	  

InerUal	  
gravitaUonal	  

regime	  

InerUal	  regime	  

InstabiliUes	   200	  
0.8	  

Ω(ν/g²)^(1/3)	  

H(g²/ν)^(1/3)	  

Height	   Angular	  
frequency	  

Flow	  
velocity	  

TheoreGcal	  
angular	  

frequency	  
Error	  

13.6	  
cm	  

172.3	  
Hz	  

0.49	  
cm3/s	   125.7	  Hz	  
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Viscous	  regime	  –	  Honey,	  2000	  cst	  

Data	  analysis	  

Viscous	  regime	  

GravitaUonal	  
regime	  

InerUal	  
gravitaUonal	  

regime	  

InerUal	  regime	  

InstabiliUes	  

Fall	  height	   Angular	  
frequency	   Flow	  velocity	   TheoreGcal	  angular	  

frequency	   Error	  

1.0	  cm	   25	  Hz	   25	  m/s	   27	  Hz	   7.4	  %	  

Fall	  height	   Flow	  velocity	   Angular	  
frequency	   δ	  parameter	  

TheoreGcal	  
angular	  

frequency	  
Error	  

4	  cm	  	   30	  cm/s	   45	  Hz	   0.93	  cm	  	   39	  Hz	   15.3	  %	  

Angular	  
frequency	   Fall	  height	   a1	  	  parameter	   TheoreGcal	  

angular	  frequency	   Error	  

140	  Hz	   8.0	  cm	   0.2	   148	  Hz	   5.1	  %	  
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Navier-‐Stokes	  equaUons	  

•  In	  a	  general	  way,	  we	  can	  apply	  the	  Navier-‐Stokes	  equaUon,	  
given	  by:	  

	  

•  And	  for	  non-‐compressible	  Newtonian-‐fluids,	  we	  have:	  
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How	  to	  get	  the	  data	  

170	  

180	  

190	  

200	  

210	  

220	  

230	  

240	  

250	  

260	  

0	   5	   10	   15	   20	   25	   30	   35	   40	   45	   50	  

1	  period	  

Ω	  =	  2π/T	  


