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Problem Statement

-
280 mm

Introduce parameters to describe the strength of
your bridge, and optimise some or all of them.
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It is more difficult to bend a paper sheet, if it is
folded “"accordion style" or rolled into a tube.

Why?

- Increased second moment of area
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%) Second Moment of Area ///‘\%

of Paper Brldge g

n : number of layers/
number of bumps

0 : contact angle

Length(L)=297m

Width(D)=210mm

Thickness(z)=0.14m
m
D3t D3¢
Iz.tube 4 81‘[2112 IZ.truss =3 926n azn? (1 — COS 29)
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(Truss vs Tube) >
Z
2o Truss structure can be stronger!
1 - /ﬁ’f’f_ﬂ_—_
1.':'- ﬁ__.-'"ff'
0.5 F
':'":'-3 —— :!:; "' 4::- "' f::- o E::- — 0
 lptruss ™ (1 — cos26)
Iz.tube 12

* 0: contact angle in truss structure



X . D . Y g
%} What is “collapse”? 9,

’
\hly s

1
—

Ay = —h - Collapse

Maximum Mass = Strength
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" 1. Buckling

2. Sliding 3. Necking



M dA El 4w ()
T Oxyadad = —
0) = — F1° ), Colldpse : w(0) = —h
w0) =~ 28E
M,: Bending Moment
48EIh E : Young's Modulus

Fmax = I3 I: Second Moment of Area
w : Deflection of the axis of the bean
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M. Ahmer Wadee, G. W. Hunt M. A. Peletier Kink Band Instability in Layered Structures

T
I, = Y (1 — cos 260)
ED*tsin30 2.22 x 10%*sin36
Fmax = 20303 n3
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FL  0¢opl
£ M) =—= FL/4 Otop = Omax

- Local deformation

X

L/2 L

* Omay . Ultimate Compressive Stress
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FL  Gpopl

M(0) = i ” Otop = Omax
i _ 40051
max Ly
_h_Dsinf [ D37 1 20)
Y =27 T Z " 96n?2 c0s
e Oy D?T SING
max 6nl.

Mppaxn
10 GPa < 0,4, < 100GPa 34.6g < g < 346¢
M. Ahmer Wadee, G. W. Hunt M. A. Peletier Kink Band Instability in Layered Structures
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Torque Equmbrlurﬁ

Miot.Y _
o c592+2nc0591 flsinf =0
_ cotb Meor.g cotf F
lf‘ R
. . . . 1
u: frictional coefficient f<F
12
Slidin = uF 41 .
J f =Ky ~tan~1— > 0 > slide!

Condition U
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1. Buckling
2. Sliding
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280mm gap

|
I

% rzfed weights
< T,
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Contact Angle 50°
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300
250

. 200
Maximum

Mass 150
(9) 100
50

0

W

Number of Bumps






%}} Angle vs Strength(n=6) f(Q\
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350 -

300 - t 3

250 -

200 -
Maximum

Mass 150 -
(9)

100 -

50 -

0

0 20 40 60 30 100

Contact Angle(®)
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F/2 , , :
1. Buckling

2. Sliding 3. Necking
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N'sin6 Fsin6 - Deflection of bridge
A 2NTL! Omax member

REE mem®

Ultimate Compressive Stress
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;X?)} Number of Bumps vs '@°
Strength(6 = 60°) et

700 -

600 - 2nTL 0, 0

500 -

sin @
2 2

400 -
Maximum

Mass 300 -
(9)

Error = £10g

200 -

100 -

0 T

Number of Bumps



iZ@} Contact Angle vs ‘g
Strength(n=3) A
140 -

120
100

80
Maximum
Mass

@) 4

60

20

0

Yy

* 2ntl'o

Error : +£10g — max

} Necking Effect Verified!
L 2
i S
2
2

0 20 40 60 80 100

Contact Angle(®)



o Necking + Sliding @,
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1
tan 1—>6
u

- Slide!

0l
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Bending

Sliding
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~F/2 \
1. Buckling ] 2. Sliding [ 3. Necking

J
4
M. ; M. 2%~
I max
max |
300 ? 5
300 - . .
200 - 3 200 -
. *
100 - 100 1
L 2

0 T T T T T 1 n O T T T T 1
0 2 4 6 8 10 12 0 20 40 60 80 100 9
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n=8, 6=60° n=7/
M0 =306.99(F,;,4 =3.01N) > M 0. tupe = 296.29
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Fow Albout Length Ratio?




@ Changing the Length Ratio ///‘\:

A
y
1 lin
h : constant
4
Tl 13,
L, 1 T (1+ cos2p)
D
lin+lout:E }725

fa=p -1, , E,g Minimized
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W
50 -
40 - o

30 - .
Maximum e .

Mass 20 -
(9)

10 -

0

0 0.5 1 1.5

lout/lin



Thank You



%} Second Moment of Area of 7%
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a Tube A
d T d 4 4 ;
i =7 (R+2> ~(R-5| |~ nR%d
| R d = _
N = R=om
D3t
IZ:annZ

*1 . Thickness of an A4 sheet

n- layers tube *D : Width of an A4 sheet

d < R .
*A . Cross-section Area
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Beam i

FR sin @
2M=M+MO— > —VR(1

—cosf) =0

_au
T oV El

f M—Rd@
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Fmax_
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TWT0max
n

3D
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3

A

350

300

250

Maximum 200

Weight
(9) 150

100

50

Number of Layers(=n)
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1) Force distribution
2) Number of layers of the truss



n=7/

Mpax.tuve = 296-29 < Mmax.truss=306-9g
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150mm
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%} Second Moment of ‘g

Area(thickness change) A

Number of Bumps =n
Number of Layers = m

[>T

I ndl3 (1 26) D
6~ — COS _s .
2712 : | o= J—mz
I, = b7 (1 — cos 260)
Z  96(nm)?2
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% Local Deformation(thickness ///“\\

" change) ST

FL  0uy,1
M(0) = i Jtyp Otop = Omax
i _ Aomaxl
max — Ly

_h _Dsinf [ D3t % 20)

Y =27 2nm Z 96(nm)? coS
s Oy D?T SIn O
max. 6nmL

- Thickness change does not make the bridge stronger!



;X?)} Thickness vs Maximum ///‘\\s
Weight Nt

3800

700 -
600 - - / /&}\*

500 -

—-1 layer

Maximu 400 -
/ =2 layers

3 layers

m
Weight(g) 390
200 -

100 -

0 | | | | |

0 2 4 6 8 10

Number of
Biimbs
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- Hydrogen bond btw
cellulose change
- Hard to quantify

Humidity Range
74%~80%
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Fixed ends — Prevents sliding to the side
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%ﬁ* Experimental Setup 9,

AgF, FHC A48 K| AFE, small amount of
glue Ho|= BtE £E|0|E, gap2 LIFE
=, ols= =2|l= @, coIIapseO\ M| (s}
S= 5= HO7| ot &F E= & Z0| HiS
=0|e ZOot&E [ = FO|7} OHF7| [ =0
A+ HA L= At BV 7 HIE S =2 T &=
Aol XtO|7F AKX| %F, Hel &2 ':'71|01|*1
A F)
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%ﬁ* Friction 9,

» Bump2| 70 2} normal force= Lt
HX™ AN Z=X|Bt horizontal force® 12HE
L0 > H|O| B M|A[(N=1~5Z1})

« 40|92 ImbalanceZ ‘d7[H Z 0 A
contact angleO| &2 0| O &2 yRiel
2= @ol| O 01X 7| & Cf.(unstable
St local minimum®) > GH|0|E{ H|A|
((ex)N=3)
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Attached to the ground
- eliminate bending & sliding
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d*w , mgl cos 0 _
M=—EIW=NZCOSH+ > — F;,lsin @

M <0 M >0 =i@ MgD cos 6 _f_D_
,, n2(4 cos 6 + 3 ) o sin 0
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Thick paper bridge & eliminate necking and bending
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Number of Bumps = n

[>T
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Cellulose : ultimate compressive stress<ultimate tensile stress
*Waterhouse, John F. "The ultimate strength of paper." (1984).

0x(h) = 6,4 = Local Deformation
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%) Third Scenario-Necking(Before ///‘\\s
“* ultimate compressive limit) N\t

F,cos0 — fsinf

_ Mgopgcost

Shear Force and Bending Moment

F+m
M(x) = ( tot.9

: Myor.g COSH
cos @ fsmH)x D b

2

w
M(x) = ~El——

Force Equilibrium

d*w 12D M, g COS O

F., = f = 7N — _ .
12 1 abs(dxz ml;‘ fsmO + : )

Fy = o (F + Mor.9)
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Less stress concentrated!
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