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Task

When a strong magnet falls down a non-
ferromagnetic metal tube, it will experience a 
retarding force. Investigate the phenomenon.
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What Happens?

3
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Qualitative Explanation

4

𝑩

ࡵ
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Consequence of an electromagnetic induction

𝐼 ~ − 𝜎
𝑑∅𝑧
𝑑𝑡

~ 𝜎𝑣𝑧𝐵𝜌

𝐹 ~ 𝐵𝜌𝐼2𝜋𝑟 ~ 𝑣𝑧𝜎𝐵𝜌
22𝜋𝑟

𝑣𝑧~
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𝜎𝐵𝜌
2𝑟

Terminal velocity
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Is It Really so Simple?
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𝑚 = 1,06 𝑔
𝐵𝑟 = 1,19 ± 0,02 𝑇

Non-monotonous dependence!
Explanation is insufficient

𝜎 = 42 ∙ 106 𝑆𝑚−1
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Magnetic Dipole Model

6

Threatening the magnetic field as the one created by magnetic dipole
(with the same magnetic moment)

𝜇𝑚𝑎𝑔
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(Derivation in appendices)
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𝜎 = 42 ∙ 106 𝑆𝑚−1

Good approximation 
for small magnets
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High-number of magnet limit

8

(for large number of magnets)
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High-number of magnet limit

9

𝜎 = 42 ∙ 106 𝑆𝑚−1
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Magnetic Dipole Model: Too rough

10

𝐼
Instead we used expressions for solenoid field

(Equivalent to uniformly magnetized cylindrical magnets)

Electromagnetism 9.2 pg. 319
(Proof in appendix)
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Magnetic Dipole Model: Too rough
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Exact Field Model

12

𝜎 = 42 ∙ 106 𝑆𝑚−1
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Summary of (Good) Existing Work

13

M. Hossein Partovi, Eliza J. Morris, Electrodynamics of a Magnet Moving through a 
Conducting Pipe," Can. J. Phys. 84, (2006)

+ Exact solution 

Cumbersome to handle

Norman Derby, Stanislaw Olbert, Cylindrical Magnets and Ideal Solenoids
78, Issue 3, pp. 229-235 (2010)

+ Exact solution of the field of 

Experimental drawback
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Goals of Our Work

14

Simpler theory,

numerical approach

Experimentally investigate
large number of parameters

1

2
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THEORETICAL MODEL
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Our Approximations

– Skin effect neglected 

16

[http://upload.wikimedia.org/wikipedia/commons/6/61/Skin_depth.svg]

– Inducted currents in magnet 
neglected (Self-inductance)

– Cylindrical symmetry of the  
system

– Magnet falls down always in the 

– Quasi-static limit (𝑣 ≪ 𝑐)
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Theory

17

𝑧

𝜌

𝑩𝑑𝑧

𝑤

ࡵ

Calculating infinitesimal forces from each ring

&

𝐹 = −𝑣𝑧𝜎2𝜋 𝑟 +
𝑤

2
𝑤 

−∞

∞

𝐵𝜌(𝜌,𝑧)
2 𝑑𝑧

Numerical approach with Exact Magnetic Field

𝑟𝜎
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EXPERIMENTS
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Uniformly Magnetized NdFeB Magnets

19

(Photographs not in scale)

N.1 N.2 N.3 N.4 N.5

Mass [g] 1,06 1,88 2,09 6,54 9,54

Remanence [T] 1,19 0,02 1,33 1,19 0,02 1,19 0,02 1,19 0,02

Magnetic moment [Am2] 0,13 0,001 0,25 0,1 0,54 0,1 0,835 0,15 1,22 0,01

Diamater [mm] 6 8 12 15 18

Height of the magnet [mm] 5 5 5 5 5

(Data for one magnet. Remanence given by the manufactor)
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Cu Tubes

20

Tube N.1 N.2 N.3 N.4

Inner radius [mm] 4,75 6,5 7,8 10,1

Width [mm] 1,25 1,1 1,2 1,02

Conductivity [106 Sm-1] 42 2 42 2 42 2 42 2

Measured using Kelvin bridge
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Cu Tubes

21

2 𝑐𝑚
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Apparatus

22

Apparatus
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Measurement coil

Measurement coil

Aluminum holder 

Foam ruber

20 𝑐𝑚

Measurement of Terminal Velocity

23

0,8 𝑚 Long tube 

𝑅 = 32 Ω

𝐿 = 52 𝑚𝐻
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Measurement coil

Measurement coil

20 𝑐𝑚

Measurement of Terminal Velocity

24

0,8 𝑚 Long tube 

Measuring the voltage course in time

Typical velocity error < 5%

Error of the time measurement -4 s

Force from coil << Gravity force
( 100x smaller)

𝑈 [𝑉]

𝑡 [𝑠]

Δ𝑡

𝑅 = 32 Ω

𝐿 = 52 𝑚𝐻
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Measurement coil

20 𝑐𝑚

Measurement of Terminal Velocity

25

0,8 𝑚 Long tube 

𝑡 [𝑠]

Δ𝑡
Measuring all the possible 

combinations 180 
different set-

times repeated
A lot of data!

𝑅 = 32 Ω

𝐿 = 52 𝑚𝐻
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y = 0,9161x + 0,0611
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𝑣𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡[𝑚𝑠
−1]

𝑣𝑡ℎ𝑒𝑜𝑟𝑦[𝑚𝑠
−1]

The largest tube, 
the smallest 

magnet

Overestimated 
effect thick tubes

Theory
Trendline
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y = 0,9161x + 0,0611
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Magnetic field: Change in radial direction

28
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Overall force  (~ integral) decreases 
approximately as 1/r3 converges
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Correction of the Theory

29

The tube is divided into large 
number of thin tubes 

Force should converge

𝑟

𝑤 𝐹 = −𝑣𝑧𝜎2𝜋 
𝑟

𝑟+𝑤

𝜌 
−∞

∞

𝐵𝜌(𝜌,𝑧)
2 𝑑𝑧 𝑑𝜌

Numerical calculation with exact 
magnetic field

𝑧

𝜌
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𝐹/𝑣[𝑘𝑔𝑠−1]

Tube width [𝑚𝑚]

ℎ = 5 𝑚𝑚

𝑑 = 6𝑚𝑚

𝑚 = 1,06 𝑔
𝐵𝑟 = 1,19 ± 0,02 𝑇

𝑟 = 4,75 𝑚𝑚

𝜎 = 42 ∙ 106 𝑆𝑚−1

Before correction

After correction
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Experiment vs. Theory

31
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Experiment vs. Theory: Zoom In

32

y = 0,9917x + 0,0024

0

0,05

0,1

0,15

0,2

0,25

0,3

0,35

0,4

0 0,05 0,1 0,15 0,2 0,25 0,3 0,35 0,4

𝑣𝑒𝑥𝑝𝑒𝑟𝑖𝑚𝑒𝑛𝑡[𝑚𝑠
−1]

𝑣𝑡ℎ𝑒𝑜𝑟𝑦[𝑚𝑠
−1]

Theory
Trendline



14

Experiment vs. Theory: Zoom In

33
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Almost perfect, 
typical parameter dependences
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PARAMETER DEPENDENCIES
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Tube width

36
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Number of magnets in 1st tube

37

𝜎 = 42 ∙ 106 𝑆𝑚−1
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Conclusion

38

Thank you for your attention!
Initial experiment Challenging existing work

Theoretical Model 
using Solenoid field

Qualitative explanation

Challenged by experiments Correction for tube 
thickness

Almost perfect correlation Parameter dependencies
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Appendix
Theory

Assumptions of Theory

Magnetic Field

Conductivity Measurement

Extra Theory

[Partovi & Morris] Results
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Theory

40

𝑧

𝜌

𝑩
𝑑𝑧

𝑤

𝛻 ∙ 𝐵 = 0) :

𝑑∅

𝑑𝑧
= −𝐵𝜌(𝜌,𝑧)2𝜋𝑟

ࡵ

𝐹 = 𝑣𝑧𝜎2𝜋𝑟𝑤 
𝑥

𝐿−𝑥

𝐵𝜌(𝜌,𝑧)
2 𝑑𝑧

𝑈𝑖𝑛𝑑 = −
𝑑∅

𝑑𝑡
= 𝑣𝑧

𝑑∅

𝑑𝑧
∅ =  𝐵 ∙ 𝑑𝑆

Lenz law:

𝑑𝐹 = −2𝜋𝑟𝐵𝜌(𝜌,𝑧)𝑑𝐼

𝑑𝐼 =
𝑈𝑖𝑛𝑑
𝑑𝑅

= −𝑣𝑧𝜎𝑤𝐵𝜌 𝜌,𝑧 𝑑𝑧

For the every ring in the height z above the magnet: 

𝑟𝜎
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41

∅(𝑧+𝑑𝑧)

∅(𝑧)

2𝜋𝑟𝐵𝜌𝑑𝑧

𝛻 ∙ 𝐵 = 0 ∅(𝑧+𝑑𝑧) + 2𝜋𝑟𝐵𝜌𝑑𝑧 = ∅(z)
𝑑∅

𝑑𝑧
= −2𝜋𝑟𝐵𝜌
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Magnetic Dipole Model

42
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Models Comparison

43
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Justifications of Our Approximations
• Not considering:

– Skin effect 

44

[http://upload.wikimedia.org/wikipedia/commons/6/61/Skin_depth.svg]

– Inducted currents in magnet (Self-inductance)

𝛿 =
2𝜌

𝜔𝜇0𝜌 - Conductivity

≈ 10 𝑚𝑚 ≫ 𝑟

𝜔~
𝑣

𝑟

Characteristic frequency

Tube radius
~102𝑠−1

𝜔 - AC Frequency

𝑑𝑧

𝑣
≫

𝐿(𝑑𝑧)

𝑅(𝑑𝑧)

-inductance

ohmic resistance

Characteristic 
time of eddy 

currents decay
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Another Assumptions 

45

• Not considering:

– Displacement currents

(Consequence of quasi-static 
fields)

– Dipole radiation

𝜕𝐸

𝜕𝑡
≈ 0

Displacement/Conduction currents
𝜖0𝑣

𝜎𝑟
≈ 10−16

(𝜇0𝑚
2/6π𝑐7  𝑣2+𝑣  𝑣

2

Dipole radiation vs. Ohmic dissipation

≪
4

222

0

1024

45

r

wvmag
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Skin effect

46

𝛿 =
2𝜌

𝜔𝜇0
1 + (𝜌𝜔𝜀)2+ 𝜌𝜔𝜀

• Exact relationship for AC case:
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Conductivity Measurement

47

• Using Kelvin bridge with

Unknown 
resistance

• In 𝐼𝐺 = 0 state:

𝑅𝑥 = 𝑅𝑁
𝑅1
𝑅2

𝑅𝑁 = 10−4 Ω
𝑅1,2 ≈ 10 − 100 Ω

• Used resistance:

𝜎 = 42 ± 2 106 𝑆𝑚−1

Conductivity of our copper pipes:

𝜎 = 56 ∙ 106 𝑆𝑚−1

Pure copper conductivity

𝑅1 = 𝑅1
′

𝑅2 = 𝑅2
′
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Conductivity Measurement

48

Power source
~ Amps

High precision 
galvanometer
( ~ 5 . 10-8 A)
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Conductivity Measurement

49

Power source
~ Amps

High precision 
galvanometer
( ~ 5 . 10-8 A)

Low resistance 
connection
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Equivalence of the Fields

50

• Simple proof from Electromagnetism 9.2 pg. 319

Uniformly magnetized cylinder 𝑀 = 𝑀0
 𝑘

𝐴 𝑥 =  
𝜇0𝑀 × (𝑥 − 𝑥′)

4𝜋 𝑥 − 𝑥′ 3
dx′

𝐵(𝑥) = 𝛻 × 𝐴(𝑥)

By definition The same B as if it was created by 
(bound) currents

𝐽𝑏 = 𝛻 ×𝑀
𝐾𝑏 = 𝑀 ×  𝑛

𝐽𝑏 = 𝛻 ×𝑀 = 0
𝐾𝑏 = 𝑀 ×  𝑛 = 𝑀0  𝜑

In our case

Magnetic field is caused by 
azimuthal bond surface currents 

Ttherefore the same field as Coil
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Magnetic Field of Cylindrical Magnet

51
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[Cylindrical Magnets and Ideal Solenoids]

Generalized complete elliptic 
integral
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52
[Cylindrical Magnets and Ideal Solenoids]
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Modificated theory Shift & Rotation

53

𝑧

𝜌

1st step - Transformations of the coordinate system Shift & Rotation
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Shift to the side zero inclination

54
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Inclination of the magnet zero shift

55
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Shift Magnetic Dipole Model

56

Elliptic integrals No advantage against our 
model

• Solved in G. Donoso, C. L. Ladera, and P. 
Damped fall of magnets inside a conducting 

Am. J. Phys. 79, 193 (2011)
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Rotation Magnetic Dipole

57

Analytical solution possible only for magnetic dipole model
𝜇 𝜇𝑣𝑒𝑟

𝜇ℎ𝑜𝑟

Magnetic moment could be divided into two (with the same position)

Thanks to:

Associated radial fields (Flowing perpendicular to tube) Induced voltages (Over infinitesimal ring)

𝜇𝑣𝑒𝑟 =  𝜇 cos 𝛼
𝜇ℎ𝑜𝑟 =  𝜇 sin(𝛼)

Resulting magnetic field is the superposition of the two partial

 𝑎 + 𝑏 ∙  𝑐 =  𝑎 ∙  𝑐 + (𝑏 ∙  𝑐)
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Rotation Magnetic Dipole

58

Analytical solution possible only for magnetic dipole model

𝜇 𝜇𝑣𝑒𝑟
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Torque on Magnet

59

𝜇𝑣𝑒𝑟

Induced voltage (In infinitesimal ring) due to vertical 
component of the magnetic moment:

Inducted current induces magnetic field in the 
position of the dipole:

Which exerts torque on magnetic dipole:

(Biot-Savart law for current loop at distance z)
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Motion of the magnet

60

Velocity

Time

Assuming braking force from infinite tube all time: 
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Distance travelled (v(t=0) = 0):

Worst case scenario

𝑣𝑡𝑒𝑟𝑚𝑖𝑛𝑎𝑙 =
𝑚𝑔

𝐶
= 1,6𝑚𝑠−1 𝜏 =

𝑚

𝐶
= 0,16 𝑠

Characteristic time

3𝜏 = 0,48 𝑠

95 % of terminal velocity Distance

𝑠(3𝜏) = 52 𝑐𝑚

𝜏
Terminal velocity
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Precession of the magnet

61
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[Partovi & Morris] Result

• Obtained the general solution for uniformly magnetized 
cylinder -pipe 
system:

62

Where Q(k) is ratio of b1(k)/b0(k)

Exact, but very cumbersome to handle
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Large velocities Skin effect 
• Using results from [Partovi & Morris] for those parameters:

63

ℎ = 5 𝑚𝑚

𝑑 = 6 𝑚𝑚

𝑚 = 1,06 𝑔
𝐵𝑟 = 1,19 ± 0,02 𝑇

𝑟 = 6,5 𝑚𝑚

𝜎 = 42 ∙ 106 𝑆𝑚−1

Maximal Fg for which equilibrium exists

Stable
equilibria

Unstable 
equilibria

Limit of 
magnetic 
braking 
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Large velocities Skin effect 
• Using results from [Partovi & Morris] for those parameters:

64

ℎ = 5 𝑚𝑚

𝑑 = 6 𝑚𝑚

𝑚 = 1,06 𝑔

𝑟 = 6,5 𝑚𝑚

𝜎 = 42 ∙ 106 𝑆𝑚−1

Decreasing 
monotonous
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Conductivity dependence Skin effect
• Drag force (at v = 10 cms-1) for different conductivities

65

ℎ = 5 𝑚𝑚

𝑑 = 6𝑚𝑚

𝑚 = 1,06 𝑔
𝐵𝑟 = 1,19 ± 0,02 𝑇

𝑟 = 6,5 𝑚𝑚
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Magnetic permeability
• Drag force (v = 10 cms-1) for different permeabilities

66

ℎ = 5 𝑚𝑚

𝑑 = 6𝑚𝑚

𝑚 = 1,06 𝑔
𝐵𝑟 = 1,19 ± 0,02 𝑇

𝑟 = 6,5 𝑚𝑚

𝜎 = 42 ∙ 106 𝑆𝑚−1

Relative Permeability

Drag force 
[N]
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Cuted Slit

67

Tube 
without slit

Tube with slit
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Cuted Slit Comparison

68
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Magnet n.1
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Magnet n.2
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Magnet n.3
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Magnet n.4
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Magnet n.5
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Tube n.1
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Tube n.2
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Tube n.3
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Tube n.4
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Tube n.5

78


